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Abstract
We provide a method for constructing finite temperature states of one-dimensional spin chains displaying
quantum criticality. These models are constructed using correlators of products of quantum fields and have
an analytical purification. Their properties can be investigated by Monte-Carlo simulations, which enable us
to study the low-temperature phase diagram and to show that it displays a region of quantum criticality. The
mixed states obtained are shown to be close to the thermal state of a simple nearest neighbour Hamiltonian.
1. Introduction
Not driven by thermal but by quantum fluctuations, quantum phase transitions occur in systems at zero
temperature. Although matter can never be cooled down to the absolute zero temperature, the presence of
a quantum critical point at zero temperature can strongly affect the low temperature phase diagram of a
material [1–3]. Such behaviour has been observed in several experiments [4–9], in which a solid is brought
close to a critical point by tuning, for instance, an externally applied magnetic field, the pressure or the
chemical composition of the material. Quantum critical points in one dimension are quite well understood
due to their description in terms of conformal field theories (CFT)[10], but it is harder to understand the
complete region affected by the critical point : one has to take into account the strongly-coupled dynamics
of the quantum critical point and its non-trivial excitations. There are, however, a few exactly solvable
models that can be studied in great detail [1].
It has been demonstrated [11–14] that a number of quantum spin states at zero temperature constructed
from correlators of products of conformal fields display critical behaviour in one dimension. In the present
paper, we propose to use this construction as a starting point for building models with a quantum critical
region in their low temperature phase diagram. The first step in the construction is to introduce a parameter
in the states that allows us to drive the states away from the critical point at zero temperature. This is
done in a natural way by using massive fields rather than massless conformal fields to build the wave
functions. The second step is to introduce a temperature, which is done by doubling the number of spins
and considering the reduced state of half of the spins. There are very few models of quantum many-body
systems for which an explicit parametrization of the density operator is known and can be used to determine
physical properties numerically, but in this approach the analytical form of the considered state is known at
least for a number of models. Furthermore, it allows us to investigate the properties of the quantum critical
region with Monte Carlo techniques, so that quite large systems can be considered.
This prescription can be applied to construct models with different CFTs as a starting point. To illustrate
our ideas, we shall in this work carry out the construction explicitly for the case where the CFT is a free
massless boson and the corresponding initial CFT state is the wave function introduced in [11]. This state
describes a critical spin chain close to the ground state of an anisotropic XXZ chain. We provide the
analytical expression for the state with massive fields and study how the presence of the quantum critical
point at zero temperature has an influence on the mixed state at non-zero temperature by computing two-
point correlation functions and the Renyi mutual information.
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It is also relevant to ask whether the states obtained from the above construction are described by a
realistic Hamiltonian. In more cases, it has turned out that the states obtained from conformal fields have
large overlaps with the ground states of few-body local Hamiltonians [11, 15], and one could therefore hope
that this is also the case after introducing a mass and a non-zero temperature. For the example that we
investigate in detail in the present work, we find that it is indeed possible to find a simple nearest neigh-
bour Hamiltonian whose thermal state is close to our mixed state ansatz. This facilitates an experimental
realization of this model.
The paper is organized as follows: In section II, the infinite dimensional MPS construction used for
this work is introduced. In section III this ansatz is applied to a spin chain at zero temperature and its
properties are characterized. In section IV the non-zero temperature case is investigated and the phase
diagram is drawn. In section V it is shown that the investigated mixed state has a high fidelity with the
thermal state of a nearest neighbour two-body Hamiltonian. Section VI concludes the paper.
2. Infinite dimensional MPS construction
Let us consider N spin-1/2 on a 2D lattice with local spin basis |si〉, si = ±1. In this work, N will
always be even. In this section we start by reviewing the infinite dimensional MPS construction that leads
to a critical CFT wave function [11] from vertex operators of a free massless boson. We then introduce a
parameter that takes the state away from criticality by generalizing this construction to the case of a free
boson with mass m, thus obtaining a new wave function that reduces to the CFT wave function when m = 0.
In general, a state in the Hilbert space can be written as
|ψ〉 =
∑
s1,...,sN
ψ(s1, . . . , sN ) |s1, . . . , sN 〉, (1)
where ψ(s1, . . . , sN ) are complex coefficients. Infinite dimensional MPS are states for which these coefficients
have the form of a vacuum expectation value of a product of vertex operators :
ψ(s1, . . . , sN ) ∝ 〈Vs1(z1) . . .VsN (zN )〉, (2)
where the zn are complex numbers that represent the positions of the spins.
Let us first review the construction of a CFT wave function in the massless case. The vertex operators
considered here are normal ordered exponentials of a field expressed as
Vsj (zj , z¯j) ≡: ei
√
αsjφ(zj ,z¯j) :, (3)
where α is a real positive number and φ is the field of a free boson defined on a cylinder of circumference R:
φ(zj , z¯j) = ϕ0 − ipi0 ln(zz¯) +
∞∑
n=1
i√
n
(
anz
−n
j − a†nznj
)
+
∞∑
n=1
i√
n
(
a¯nz¯
−n
j − a¯†nz¯nj
)
, (4)
where the non-zero commutators are
[
an, a
†
m
]
=
[
a¯n, a¯
†
m
]
= δnm, [ϕ0, pi0] = i. The coordinates can alter-
natively be expressed as zn = e
−2pii(xn−itn)/R and z¯n = e2pii(xn+itn)/R in Euclidean space. Using the mode
expansion of the field, the full correlator can be written as〈
: ei
√
αs1φ(z1,z¯1) : . . . : ei
√
αsNφ(zN ,z¯N ) :
〉
= δs
∏
j<k
|zj − zk|2αsjsk , (5)
where δs = 1 if
∑N
i=1 si = 0 and zero otherwise. From this expression we can define a wave function ψ0 by
imposing that the diagonal elements of the density operator only depend on the full correlator :
|ψ0(s1, . . . , sn)|2 ∝
〈
: ei
√
αs1φ(z1,z¯1) : . . . : ei
√
αsNφ(zN ,z¯N ) :
〉
. (6)
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This can be done by dividing the full correlator into
ψ0(s1, . . . , sn) ∝
N∏
i=1
χi δs
∏
j<k
(zj − zk)αsjsk , (7)
where the χi are phase factors to specify. This wave function is the CFT wave function introduced in [11].
Note that ψ0 can be obtained by dividing the field φ into chiral fields ϕL, ϕR such that φ(z, z¯) = ϕL(z¯)+ϕR(z)
and then taking the correlator of vertex operators of the chiral field :
ψ0(s1, . . . , sn) ∝ 〈χ1 : ei
√
αs1ϕR(z1) : . . . χN : e
i
√
αsNϕR(zN ) :〉. (8)
The choice of phases that will be assumed here is
χn = (−1)(n−1)(sn+1)/2. (9)
This choice ensures that the wave function is a singlet at α = 1/2 [16]. The CFT wave function is expected
to describe a critical state in 1D[11].
We would like to introduce a parameter that takes the state away from criticality so we now apply the
previous derivation to the case of a free boson φm with mass m, that breaks the conformal invariance. The
mode expansion of the field φm is
φm(zj , z¯j) =i
√
2pi
Rm
(
a0z
−mR4pi
j z¯
−mR4pi
j − a†0z
mR
4pi
j z¯
mR
4pi
j
)
+ i
∞∑
n=1
√
2pi
Rwn
(
anz
−n2−wnR4pi
j z¯
n
2−wnR4pi
j − a†nz
n
2 +
wnR
4pi
j z¯
−n2 +wnR4pi
j
)
+ i
∞∑
n=1
√
2pi
Rwn
(
a¯nz
+n2−wnR4pi
j z¯
−n2−wnR4pi
j − a¯†nz−
n
2 +
wnR
4pi
j z¯
n
2 +
wnR
4pi
j
)
, (10)
where the frequency is wn =
√
m2 +
(
2pin
R
)2
. The full correlator then becomes〈
: ei
√
αs1φm(z1,z¯1) : . . . : ei
√
αsNφm(zN ,z¯N ) :
〉
=
exp
−α∑
j<k
sjsk
2pi
Rm
( |zk|
|zj |
)Rm
2pi
 exp
−α∑
j<k
sjsk
∞∑
n=1
2pi
Rwn
(
zk
zj
)n
2 +
wnR
4pi
(
z¯j
z¯k
)n
2−wnR4pi

× exp
−α∑
j<k
sjsk
∞∑
n=1
2pi
Rwn
(
z¯k
z¯j
)n
2 +
wnR
4pi
(
zj
zk
)n
2−wnR4pi
 . (11)
To obtain a wave function satisfying (6), one has to divide the correlator, which can be directly done by
taking a wave function proportional to
exp
−α∑
j<k
sjsk
pi
Rm
( |zk|
|zj |
)Rm
2pi
 exp
−α∑
j<k
sjsk
∞∑
n=1
2pi
Rwn
(
zk
zj
)n
2 +
wnR
4pi
(
z¯j
z¯k
)n
2−wnR4pi
 . (12)
However this expression is not translational invariant when the spins are placed on a circle at positions
zj = e
2piij/N . To solve this problem, we take the limit R→∞ in the previous expression. This corresponds
to a change in geometry in which the cylinder becomes a plane, so that a chain of spins on the circle with
periodic boundary conditions becomes an open line of spins on the plane. This leads to the wave function
ψm(s1, . . . , sN ) ∝
N∏
i=1
χi exp
−α∑
j<k
sjsk
∫ ∞
0
e−ip(xk−xj)√
m2 + p2
e−
√
m2+p2(tk−tj)dp
 . (13)
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This wave function is such that the diagonal elements of the density operator are equal to the full correlator
for the field with mass (11). In the limit m→ 0, the wave function reduces to
ψ0(s1, . . . , sN ) ∝ δs
N∏
j=1
χj
∏
j<k
(vj − vk)αsjsk , (14)
where vj = xj − itj . Thus in the massless case we recover, in the plane geometry, the CFT wave function
(7) for the same particular choice of phases (9) that will be assumed in the rest of this work.
3. Quantum critical point at zero temperature
Let us now apply this wave function to the case of a 1-dimensional chain of N spins at positions xj = j,
tj = 0 with open boundary conditions. The integral in the wave function can be computed once expressed
as : ∫ ∞
0
e−ip(xk−xj)√
m2 + p2
dp = K0(m|xk − xj |)− ipi
2
k − j
|k − j| (I0(m|xk − xj |)− L0(m|xk − xj |)) , (15)
where K0 and I0 are modified Bessel functions and L0 is a modified Struve function. The wave function
depends only on the distance between two spins but is not translational invariant because of the choice
of phase factors. In the thermodynamic limit, the wave function becomes invariant under a translation
xk → xk + 2. We shall only consider a value of α in the range (0, 1/2]. In this case when the mass is zero
and the spins are on a chain with periodic boundary conditions, the wave function corresponds to the CFT
wave function (7) studied in [11] : the state is critical and close to the ground state of a critical XXZ chain.
Here we study a chain with open boundary conditions but we expect the state to have similar properties in
the massless limit.
We compute the Renyi entropy S
(2)
L = − log Tr ρ2L, where ρL is the density matrix of (13) restricted to
a subsystem of size L in the middle of the chain. This can be done [11, 17] by rewriting
e−S
(2)
L =
∑
n,n′,m,m′
|〈n,m|ψ〉|2|〈n′,m′|ψ〉|2 〈ψ|n
′,m〉〈ψ|n,m′〉
〈ψ|n,m〉〈ψ|n′,m′〉
[∑
n,m
|〈n,m|ψ〉|2
]−2
, (16)
where |n〉 (and |n′〉) is an orthonormal basis in the space of the L spins and |m〉 (and |m′〉) another basis
corresponding to the rest of spins. The right-hand side of this expression is an expectation value so that
the sum can be performed by using a Metropolis-Hastings algorithm [18, 19] with two independent spin
chains. The results for different values of the mass are shown in Fig. 1(a). When the mass is close to zero,
the second Renyi entropy scales as 14 log(L), which is the result expected for an infinite critical chain with
central charge c = 1[20–22]. For higher masses, the entropy saturates to a constant that is independent of
L, so that the state is no longer critical.
Other quantities that can be computed using Monte-Carlo techniques are expectation values of single
spin operators 〈σan〉 (a = x, y, z) and two-point correlation functions faad = 〈σanσan+d〉−〈σan〉〈σan+d〉. Since we
are interested in the thermodynamic limit, we compute the correlators between spins at positions (N −d)/2
and (N + d)/2 that sit in the middle of the chain. We check that these quantities do not depend on the
total number of spins N as long as d < N/2, so that the behaviour in the thermodynamic limit can be
extracted from these measurements. The results in Fig. 1(b) and 1(c) show that in the massless case fxxd
decays polynomially and the expectation value 〈σxn〉 is zero. In the massive case however this expectation
value is no longer zero, but shows long-range anti-ferromagnetic order in the x direction. The correlation
function fxxd decays exponentially at large distances when there is a mass : this defines a finite correlation
length λ such that fxxd ∝ e−d/λ. This length diverges when the mass goes to zero, while in the limit m→∞,
the state is a Ne´el state in the x direction, which is invariant under translations xk → xk + 2. The mass
therefore introduces a length scale in the system and breaks the criticality of the state.
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Figure 1: All quantities are evaluated from Monte-Carlo simulations for α = 0.2.
(a) Scaling of the Renyi entropy S
(2)
L for different values of the mass, N = 200 spins. The inset shows with a logarithmic scale
for the abscissa that the scaling is logarithmic in L when the mass is close to zero. The dotted line in the inset is a fit of the
form 1
4
log(L) + constant, confirming that the central charge of the critical point is 1. For higher masses, the entropy saturates
to a constant. The error bars, estimated from the standard error of a mean of Monte-Carlo trajectories with different initial
conditions, are of the order 10−3 for all points.
(b) Absolute value of the magnetization in the x direction for one site 〈σx
N/2
〉 as a function of the mass for a chain with N = 600
spins. The error bars are smaller than 5% of the values for all points. The dotted line is a fit of the first 6 points of the form
γmτ , from which the critical exponent can be extracted. Here τ = 0.4.
(c) Absolute value of the connected correlation function fxxd , N = 200 spins. When the mass is zero this quantity decays
polynomially (red solid line), while in the massive case the decay for large d is exponential. The inset shows the same quantity
in a log-log scale. The error bars are smaller than 2× 10−4 for all points.
4. Phase diagram at non-zero temperature
So far we have used a pure state description at zero temperature. Let us now introduce a mixed state
ansatz to describe a spin chain at finite temperature. Consider two chains A and B of N spins each, with
coordinates (xj = j, tj = 0) and (xj = j, tj = δ) respectively (Fig. 2). Let us describe the state of the
complete system by the previous wave function ψAB (13). The state of the first spin chain is now given by
the reduced density matrix ρA = TrB |ψAB〉〈ψAB |, where the trace is performed over the degrees of freedom
of the second spin chain. In the limit where δ → ∞, the two chains decouple, so that the system A is in
a pure state at zero temperature : we recover two copies of the state described in the previous section. In
the limit δ → 0, each spin from the first chain is very close to a spin from the second chain and they form
a singlet, so that the effective temperature for one chain goes to infinity. For a finite δ, this construction
therefore introduces an effective temperature for the chain A. We define T ≡ 1/δ as a representation of the
temperature of the system A. Note that the effective temperature may depend differently on δ.
In general it is not possible to compute the complete wave function and take the partial trace for a large
system, but it is not necessary in this case : Renyi entropies and spin-spin correlators between spins on
the first chain can be computed using the wave function of the two chains in the same way as in the zero
temperature case.
At zero temperature and in the thermodynamic limit, the expectation value 〈σxi 〉 is zero at the critical
point, but does not vanish when there is a mass. The absolute value of this quantity, computed on a site at
position i = N2 in the middle of a chain of 600 spins, is used to draw the phase diagram at finite temperature
(Fig. 3). Two distinct regions appear in the phase diagram : for small temperatures and non-zero mass,
|〈σxN/2〉| is non-zero and independent of the temperature, there is still long-range order in the x direction
(region I). At some higher temperature, the magnetization starts to decrease rapidly with the temperature,
before reaching a very small value, which may disappear in the thermodynamic limit (region II). These two
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Figure 3: Absolute value of the magnetization in the x direction for one site 〈σx
N/2
〉 as a function of mass and temperature
from Monte-Carlo simulations with N = 600, α = 0.2.
distinct regions also appear when looking at the correlation length λ (Fig. 4) : for small temperatures, the
correlation length is independent of the temperature, whereas in the second region the correlation length
decreases with the temperature. Such a behaviour can be qualitatively compared with the phase diagram
of an Ising model with a transverse magnetic field, which is the prototype model of quantum criticality
[1, 23, 24] : this model has a quantum paramagnetic phase at low temperatures in which the correlation
length is independent of the temperature, while at higher temperatures it reaches a region of quantum
criticality in which the correlation length decays as 1/T .
Another quantity that can be used to probe a state at finite temperature is the mutual information
I = SC + SD − SC∪D, where {C,D} is a partition of the spin chain and SC is the von Neumann entropy
of subsystem C. The mutual information is a measure of both classical and quantum correlations between
two parts of the system [25] and it fulfils an area law when the system has a finite correlation length [26].
Here we consider instead the Renyi mutual information, obtained by replacing von Neumann entropies by
Renyi entropies in the definition of the mutual information : I
(2)
L = S
(2)
C + S
(2)
D − S(2)A , where C is the
system of L spins in the middle of the chain and D is the system of the N − L complementary spins in the
chain A (Fig. 2). This quantity has been measured for spin systems at finite temperature [27–29] and is
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N/2
〉| taken from the phase diagram (Fig. 3) for the same value of the mass.
expected to have a similar behaviour as the mutual information. When the chain is in a pure state (at zero
temperature) the entropy of the complete chain is zero so the Renyi mutual information reduces to 2S
(2)
L .
At the critical point this quantity therefore scales logarithmically with L. Except when we are close to the
critical point, we observe that the Renyi mutual information saturates to a constant at large L, which is
compatible with the observation that the correlation length is finite. In region I this constant is independent
of the temperature. In region II however the Renyi mutual information converges to a value that has some
non trivial dependence on the temperature. Above the critical point the Renyi mutual information between
two halves of the system decays with the temperature (Fig. 5(a)), which is expected for an XXZ chain
at finite temperature [30] since the mutual information diverges at zero temperature. In the massive case
this quantity increases when the region of quantum criticality is reached (Fig. 5(b)), while in the limit of
infinite temperatures there would be no correlations and the mutual information would decay to zero. A
similar behaviour of the mutual information has been observed near regions of quantum criticality at finite
temperature in different models [27, 29, 31]. These results confirm the presence of a region of quantum
criticality above the critical point in the phase diagram.
5. Hamiltonian of the model
The system considered here may correspond to a non-local Hamiltonian. However, the fact that the
mutual information saturates at finite temperature may be a hint that this state could be a thermal state
of a local Hamiltonian. For a general Hamiltonian, a thermal state is given by
ρth = e
−βH/Tr
[
e−βH
]
. (17)
To investigate the Hamiltonian of the system we therefore define
HρA = − log ρA, (18)
where ρA is the thermal state describing the chain A at a finite temperature. Note that the Hamiltonian
may have a non-trivial dependence on the temperature and be non local. However it was shown in [11] for
periodic boundary conditions that the ansatz in the massless case with α ∈ [0, 12] has a very high overlap
with the exact ground state of the XXZ chain for a suitable choice of the anisotropic coupling. For open
boundary conditions, the Hamiltonian of the XXZ chain is written as
HXXZ =
N−1∑
i=1
(
Sxi S
x
i+1 + S
y
i S
y
i+1 + ∆S
z
i S
z
i+1
)
, (19)
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Figure 5: (a) Mutual information between two halves of the chain I
(2)
N/2
for N = 200, α = 0.2 and m = 10−6 : for this value of
the mass we are almost above the quantum critical point and the mutual information decreases as we go away from the critical
point by increasing the temperature. The error bars, estimated from the standard error of a mean of Monte-Carlo trajectories
with different initial conditions, are smaller than 2× 10−2 for all points.
(b) Mutual information between two halves of the chain I
(2)
N/2
for N = 200, α = 0.2 and m = 0.01. The background colours
represent the value of |〈σx
N/2
〉| taken from the phase diagram (Fig. 3) for the same value of the mass : the mutual information
increases as we enter the region of quantum criticality. The error bars are smaller than 5× 10−3 for all points.
where Sαi =
1
2σ
α
i for α ∈ {x, y, z} and the σα are Pauli matrices.
In the case studied here of the wave function (13) for an open chain of spins, the correspondence with an
XXZ chain still holds in the massless limit but breaks down in the presence of a mass. However we observe
that when the mass is close to zero and the temperature is high, the Hamiltonian HρA restricted to two-body
interactions has the form of an HXXZ Hamiltonian, up to some non translational invariant corrections. This
suggests to look at HρA at high temperatures in the massive case. The Hamiltonian restricted to two-body
interactions has, up to some non translational invariant terms, the form
Hm = HXXZ +H
0
m, (20)
H0m = λ
N∑
i=1
(−1)iSxi + µ
N−1∑
j=1
Szj S
y
j+1. (21)
In the thermodynamic limit, this Hamiltonian is invariant under translations xk → xk+2, as is the wave
function (13). Let us now define a thermal state ρH for the Hamiltonian Hm by :
ρH = e
−βHm/Tr
[
e−βHm
]
. (22)
This state depends on the parameters β, ∆, λ and µ. A way to check whether this Hamiltonian can
correspond to our system is to compute the fidelity [32, 33] between this state and the state ρA :
F (ρH , ρA) = Tr
[√√
ρHρA
√
ρH
]
. (23)
For different values of α, m and T we can thus find parameters β, ∆, λ and µ such that the fidelity is
maximized. The maximum for N = 12 spins (24 spins in total for the two chains) is shown in Fig. 6(a)
for different values of the mass and the temperature. When the mass is zero and the temperature is small,
we recover the result from [11] : the fidelity is above 99% when λ and µ are zero, so that the state is close
to the ground state of the XXZ chain. In the massive case the thermal state from Hamiltonian Hm has a
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Figure 6: (a) Maximum of the fidelity F (ρH , ρA) between a thermal state obtained from a Hamiltonian of the form Hm and
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(b) Corresponding fidelity per site F (ρH , ρA)
1/N for different numbers of spins, at α = 0.2 and m = 10−1.
(c) Parameters λ and µ in the Hamiltonian Hm for which the fidelity F (ρH , ρA) is maximal as a function of the mass, for
α = 0.2, T = 10−3, N = 10. The two straight lines are fits of these data of the form λ = λ0m2α, µ = µ0m2α.
fidelity higher than 98% with the state of chain A for all values of the mass and T smaller than 0.1, which is
very high considering the size of the Hilbert space : the fidelity per lattice site F 1/N is higher than 99.85%
(Fig. 6(b)).
Note that further constraints can be imposed on the Hamiltonian by using the result in the massless
case to fix the parameters β and ∆, that are related to T and α. By increasing the mass we then find
that there exist two functions λ(m) and µ(m) for which the previous result still holds. In the regime
m ∈ (0, 10−1], α < 1/4, we note that these functions can be written as λ(m) = λ0m2α and µ(m) = µ0m2α,
where λ0 and µ0 are constants independent of the mass (Fig. 6(c)). The ansatz (13) therefore can be used
in this regime to describe the thermal state of a spin chain governed by a Hamiltonian of the form (20).
The two-body Hamiltonians found in this section contain only nearest neighbour interactions and should be
easier to implement than the Hamiltonian HρA .
6. Conclusion
Using correlators of products of quantum fields, we have constructed a thermal state for a one-dimensional
spin chain at finite temperature. This model has an analytical wave function and can be investigated by
Monte-Carlo simulations, which enable us to study the entanglement properties and correlators of the spin
chain. These quantities show that it presents a critical point as well as a non-critical phase at zero tempera-
ture. The phase diagram of this model has then been investigated and it was shown that it presents a region
above the critical point which is the region of quantum criticality. We also provided a Hamiltonian with
only nearest neighbour interactions whose thermal state is very close to this model, so that an experimental
realisation of this model is facilitated.
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